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Total marks — 120
Attempt Questions 1-8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Marks
QUESTION 1 (15 marks)
Use a SEPARATE writing booklet.
(a) Find jsin 0d6 . 2
(b) (i) Express ——ﬁill—-— in the form —— + bf+c . 2
(x+1)(x"+1) x+1  x"+1
(i) Hence find j3x—+21 o | 2
(x+DI)(x" +1)
3 2
(c) Use the substitution x =2sin&, or otherwise, to evaluate L dx . 3

4-x°

(d) Find ij\/3—xdx. 3

(e) Evaluate J'; tan”"' @ df . 3



Marks

QUESTION 2 (15 marks)
Start a new writing booklet.

@) (K = £

L

The diagram above is a sketch of the function y = f(x).

On separate diagrams sketch:

M y=(fx)° 2

(i) y=Jf(® 2

(i) y=In f(x) 2

(iv) »' =f(x) 2

b) @) If f'(x)zz;zx and f(1)=0,find £"(x) and f(x). 3
X

(i)  Explain why the graph of f(x) has only one turning point and find the value of the
function at that point, stating whether it is a maximum or a minimum value. 2

(iii) Show that f(4)and f(5)have opposite signs and draw a sketch of f(x). 2



QUESTION 3 (15 marks)
Start a new writing booklet.

(a)

(e)

Express (v3 +i)° in the form x+iy.

On an Argand diagram, sketch the region where the inequalities
2/ it
|z|<3 and ——31 <arg (z+2) < % both hold.

Show that 1 +sin0+icosd =sin@+icosl.

1+smné—icosé

[
in modulus-argument form.

J3+i

(i)  Express z =

(i)  Hence evaluate cosZ—Z in surd form.

Marks

The Argand diagram below shows the points 4 and B which represent the complex numbers

z,and z, respectively.

N4
B T
TN

v
~

Given that ABOA s a right-angled isosceles triangle, show that (z, +z,)" = 2z,z, .



Marks

QUESTION 4 (15 marks)
Start a new writing booklet.

(a) If z=1+i is a root of the equation z’ + pz° +qz+6 =0 where pand g are real, 3
find pand ¢g.

(b) Show that if the polynomial f(x)= x>+ px+g has a multiple root, then 4p° +27¢g*> =0. 3

(c) The base of a solid is the region in the first quadrant bounded by the curve y =sinx, 3

the x-axis and the line x = ;

N,

Find the volume of the solid if every cross-section perpendicular to the base and the x — axis
is a square.

(d) (i) Find the five roots of the equation z° =1. Give the roots in modulus-argument form. 2

(ii) Show that z° —1 can be factorised in the form :

25—1:(z—1)(zz—22005—2§7—r-+1)(zz—chosisﬂiﬂ) 2
(iii) Hence show that cos%ﬂ- + cos% = —% . 2



Marks

QUESTION 5 (15 marks)
Start a new writing booklet.

2

(@) Theellipse (x—1)° +y7 =1 is rotated about the y —axis.

Use the method of slicing to find the volume of the solid formed by the rotation. 4

(b) Inthe triangle ABC, AD is the perpendicular from 4 to BC. E is any point on AD and the
circle drawn with AE as diameter cuts 4Cat Fand ABat G. 4

B

A\/F C

Prove B, G, F' and C are concyclic.

(c) The diagram below shows the part of the circle x* + y* = a” in the first quadrant.

Yy
L M
0] > X

i VU

curve and the coordinates axes into two equal parts, show that

(i)  Ifthe horizontal line LM through L(0,b), where 0 <b <a, divides the area between the

2 2
a a 4
(ii)  If the radius of the circle is 1 unit, show that b can be found by solving the equation
sin29=§—29, where =sin"'b. 3

(i)  Without attempting to solve the equation, how could & (and hence b ) be approximated? 1

6



Marks

QUESTION 6 (15 marks)
Start a new writing booklet.

2 2

(a) An ellipse has equation %'l’v? =1 with vertices A(2,0) and A4'(-2,0). Pis a point (x,,y,) on

the ellipse.

(i)  Find its eccentricity, coordinates of its foci, S and .S', and the equations of its directrices. 3

(i)  Prove that the sum of the distances SP and S'P is independent of the position of P. 3

(i)  Show that the equation of the tangent to the ellipse at P is -{%4—% =1. 3

(iv) The tangent at P(x,, y,) meets the directrix at 7' . Prove that angle PST is arightangle. 3
(b) Ka+b+c=1,

() Prove o’ +b*=2ab. 1

(i) Prove l~|-11+129. 2

a b c



Marks
QUESTION 7 (15 marks)

Start a new writing booklet.
(a) The point T(ct,g) lies on the hyperbola xy =c?.
t

The tangent at 7' meets the x—axis at P and the y —axis at Q.
The normalat 7 meetsthe line y=x at R.

AV
not to
scale
> X
You may assume that the tangent at 7 has equation x+¢*y = 2ct .
(i)  Find the coordinates of P and Q. 2
(i)  Find the equation of the normal at 7. 2
(i) Show that the x - coordinate of R is x :—?(IZ +1). 2
¢
(iv) Prove that APQR is isosceles. 3
() () 1= % rove that ja— X (2n-3)I,, | 4
X+l 2(n-1 (x"+1)"
1 dx
(i)  Hence evaluate I———————; 2
o x*+1



QUESTION 8 (15 marks) Marks
Start a new writing booklet.

(a) A plane of mass M kg on landing, experiences a variable resistive force due to air resistance of

magnitude Bv”newtons, where v is the speed of the plane. That is, M X=—Bv*.

(i)  Show that the distance (D,) travelled in slowing the plane from speed V' to speed U

under the effect of air resistance only, is given by: 4
M.V
D, = —In(—
=5 (U)

After the brakes are applied, the plane experiences a constant resistive force of 4 Newtons
(due to brakes) as well as a variable resistive force, Bv*. That is, M ¥=—(A4+Bv*).

(i)  After the brakes are applied when the plane is travelling at speed U, show that the
distance D, required to come to rest is given by: 4

D, =21 802,
2B A

(iii)  Use the above information to estimate the total stopping distance after landing, for a 100

tonne plane if it slows from 90m/s to 60m/s under a resistive force of 1251* Newtons
and is finally brought to rest with the assistance of a constant braking force of magnitude

75 000 Newtons. (Note: 1 Newton (N) = 1 kg. mv/s”) 2
A
A 4
] B
ol 123 nin n

The diagram above represents the curve y = nsin;[—x, 0 < x <2n, where nis any integer n>2.
n

The points O(0,0), A(n,n) and B(2n,0) lie on this curve.

(i) By considering the areas of the lower rectangles of width 1 from x=0to x=#n, prove that

.T . 27 . 37 . mn-1) 2n
sm—+sih— +sin—+ ... +slh————= < —, 3
2n 2n 2n 2n T
2l oar an’
(i)  Hence or otherwise, explain why 2nZsin2—<’T. 2
r=1 n

END OF PAPER



Sol UTIONS { WARKW(, Seveme

) (\)MFS"hoYL)) & ' 20”

P ed¥ = | cnd (1) 40

n

sinb (1= o5°0) A

= /rﬁ-ng' A — CD£ G- “("ﬁﬂ#)Jﬁ’

'/ | 2,

) Igm 51)95&)3’1&(‘\0% u/hfl(e. U= (:959'
J“ r_ﬁ{ -~
) db -
J oSF (=)= [ u™ Ju
_ Ju‘r? - /0(‘;9
) i e
T by ) 3w = 0 vt Ol
f = o™+ L +(Gr X +C
cGtbyx” + bt O¥ + atc
,_} v m%b-"—“o @ Lrom @: Q:’Lv @
hic =3 (3 Sub(®) inke (3)
at+c =t (3) ( —brcs) (%)
. Lf"c -3 (=)
@‘i‘*@; 2c=4%
S” o

S =2 @

S b (qm#o ('7 =] =

L Sy ] _=b . x+2

R TS,V N MY
'“ | !




DT A= [ =L do b [ 2t2 .

7 - J (fxﬂ)(vf”ﬂ) }7”') 1+
- —j\nfwaﬂ + (7
Pzl /] %
= = fa () £ 4 Onfye)) > 2 %m0 &
f |
v v
‘.F,; 1 2
Q) % 4 * (25 s
. ) [ 4 — .2 ue - I — z
« l y P AT hd 6
5
= | 45}&’9’\,2:%,[&4@ Sin = 7251t
“ JIT ‘1_.‘,:95:9,1 dx = 2cost J#
) e {Juiu_x "I
- [ = 2;!:19’
= > 45!ﬂ19’/f§' Siah = T
AL R '} ! ¢
) o v {A’tu!m 1= ri‘
] ] f’E— \rg 2(:(»?’
= / 5 Z /_5:/!"?)0!9 Ciafl= I3
JE A @ =
g 3
12 (1= (S2DLE cince (0520 =] 23in*6
J»Ii: Y
b Y_I
=2 |4 - -2"5:5/\251'?;,: :Q/E »ism?_f, T
- - R ]
) =2 %)=L | - -
F ) \l/




n

Do) I wP{3-9¢ dw let w- d-x
- T o =2
= Jf@-——u) N({J\A) and Otz — Aw
T - (ﬂ-éu*‘#z’)ﬁdu
N rd
= - 4qu" “éc_A%' FuT ) dw
AN v !
z — ,la,& s "z
- Cla) é;,ﬁzﬁ} £71h) —
= =g JB-x) H1EjG-e) G0 ¥
¢ ! }
\V!/ \Vd ‘}
| , }
L@t | ltan-"F 48 = | udv
’g ° 9
. whete  wz Ton'g, v &
CJ.U. = ' d.;g' P B =
’ r !i r_-l ,+@'y
udv = l !AY:] —
‘g "9. D
.y Al |
= (B tan’$] — | v M
N 0 lop | +8B¥ -
= tant P — [ p /1 ap2y]
2 gVL! L7 [j
2 T}
. =X 15 o -
p, T
/ Ly L




) Quection 2

£

PARY B
|

[y

'R
~ ﬁ.\l IVA
= O A |
>
5L | A B
i N
IWJ u..u-
S W < )
N | 4« N A
© h %v
N /Il!
~N —— —_— I.Wﬁ I
2 T
\_ / L
AT - ﬂ, 45 4|
{ A
N N 'Y
~ —D L B My e
(1Y
_ \ 4
1 .A. s
ﬂ/_ﬁ.l. S| N T
€

N/







RN Ll ha A4 TMrning  posa -
c/ -/ ¢

(»«L\es\ 2()‘?}

7[{()1 whe 2-X

P

t"“"%&_

le phea p =2

’Hm) 14 ‘Hm'_ \.an)L. ?_wln\f" whein —}C(ﬁ) I'J

Sr_}rh SiNLe Ry ‘Hne a@fa Fzﬂ"&f wiheve
he jyhm% 2 tro. ~

3 Twws vaf ’n«m‘ Haere \J ﬂn[h g ne

FAl e é?om’é"

whin AZT; 1 Llx)z T --,ét,zn.

7( K;):Z""’A;‘}_..\_.{D
95
~ \l“u} AR fnzLLﬁ_Y& down ot A =2

T henee (Z; !»—-—lmzﬁ BN kalmuw"l

‘f‘u{wm? lﬁmnﬂ’

“f) (4 4)= - -'4,%— A4 2

= )4 - b
= fzp . >0
Ho) = - _luS +2
=7 s
- = ]2 - a8 |

) = 29 0p9432¢.. <92 =V




_\C()L} N, ¥, Aete el fuv 2 2 L2
SINL L In (){}} ') @n(j Jrﬁwm
X > O.

(2 ";cwz)
L T
— } N i
{ 2 & 5
[
/ 'y
/ V




a—

) Hueshon 3

(e) (= + )% -

\
N\

“ifeT Y
Gnd = =
L4 f
Lz das
ﬂ _ o 2 9
) (\\24—1‘ jg:: Rc{slé‘ = 7 (ff{lfxf)
< J N g \ &7

= Zgé(cgs ., LSin 4O

)
2 2/

“C BRSO F
2% (-3 —i2)

==128 — {28z
I |

V vV

Yy

X
L
h
2N
8
s
(e
N
+
RS
A
oH




D) Vs viemsB | sipf + st
WSin} — 1co58

LH'S - (\—I—Sllﬂﬂ) + Ccost K_Q*’S@n‘ﬁ')'{'icps& r,
(+$in®) = ((osf (AtSing ) +0cos#

= Msing) = (03°8 x+ 21 () JfSn/\'ﬁ‘) CosB |

\*G‘I*Smfﬂ + (p*H | \/

f£1+smﬁ) — (1 —swn*H) + Z(IHIW) s
ITSMB‘YL + (1 -*Sm’#)

<ot

) z (|+gina)((l R ) +LL59)

(1+<1n@)((1 T Sthf) 4 (I=¢n¥))

= Zsmﬁr + 2080 = sin® t+ vcash = RES

) \f/
(d) L) z= — r L
| 2+ -
let 2, -‘*l s’ ) \= JEI)"-]—: "::J:Z ) (03-9—2:-_)—
- L : . 7 =31
TA(~wr ) snfly =2 SV 2

i‘C+ Zs-ﬁ"" . ’i Q: J@)z.'Pli = 2,: 0059,1‘6, }

) e PR . 1 ((ﬁ\:
Z{—% Sy, 5 ) ¥

<7 uS%



) 2= 2 &,
t 2 2 ¢S ==
S~y
=2
2
=% cis (IE)
\ ‘II
v v ‘
1)

) z= lHvy =0 _ -3+l + (3=
T Wl "=l T Gy (34D

\E S A

e?mah;j_ real parts from ()

N

= 2_“:::__:_5;

v oS (2‘-‘1“3 IL?_LQ_ N

S
NS

LQ) Ffﬂm Yhe p{mqﬂtm. Z, = L:Z}

R “}inCe W\iﬁ“\hghjnn& Z, L'ph l. ‘YD\Q\.«!&J A

(79 in &n

S (zp+z)”

N

j o rcg-gﬁi‘rca!.




P

Question 4
w

(a)i+ ;-—lh Jd oot g,

7 -'Z.- l-—-—\ f; al)o a VODYL

ol

Z, Zﬂ 23 =L ('nﬂﬂlmcf' of fanifé)

(1 + L)[""’L)Zz =

)
Q;z} = | ‘&3%“3\‘/

&, 2—; ﬂ’Z Zz"‘" le-, 0!/ (Sum ww!ud— 0{ 3

{99&3}
(\+xYI \) +(1 ) (=3) +(l-w){' 3\ = ﬁ/

ok

?/3 2 3_.2,‘_+2L

3 = -4 3,

Z, "{"-21 '1’_; ""““‘D- (gum JF W'Qgﬂ)

LI, . ¥
(1) +(l-—t) -r/..m ~p
e =) =—p
i :.:! N
M" ( ) hol o th/?"!ﬁ'k o0 XK
Hen i Hhe me root A

e ﬂg@,a :Q and ﬁ’/’aa-—-fo

"fn)“ Zx® p > JE"[a():: ?o(?’f}fp =0

N
[
s
I~
e

Ll
¥

VE(RY: W+ prtas =3

:K()&‘:—P@’ -f’f’,i/ v




L) = “¥p) & .
/ X (P LN gs (?ﬁ/ﬁm?)
= Ll & AL ¢ N 7
= \ovtd, =0
()=
v

/C'ﬁ\ - %_7’- (_jf?”ﬂm @)
\\_, B/ ‘_‘m/ ]
—Ap = Z0g" [ oy 4y33+2797=0
J 4 s rcgm!’ad,
(& \/;\,. of S —decHLan




- 0/.&' -"_;1:'_'
Zgm(\ 5
S Z3
roolS il be z, = , .
Zo = leid 2 4
r~ , [~ A4
.- Z; - }C)S\,-"?‘I)
) >
24z |5 4T
5 :

now (2= cis (ZEHY (2~ cis(~2K)
AN < ;/

= (Z“m z( as 4 Cie (%) '[.+ c:‘x(gi)&g:@‘;

= (z2- z(Cos(R

<

“‘((93(,2-—“ ;COR Eil -t-(‘(sgn(lll XSI = ;) ) \!
= 22 _Q7zvces (2 & /nSZ/

~ ?/D‘ —22 /ﬂ(ﬂ._!r?Ji-"
s &) .

5




= -\) %”ﬂ\”a{lf” (-Z_*-' ClF-S [fg)b" CU (’%’1:)

=7%~ Qzcis(40) + |

5

o 2°-) ﬁ(Z*IXzQ-?zcﬁ(é,mk +H Y 2% 22 £it [g‘jﬂ
§ - - )

o fa?uuirrb -/

(i) Yhe expanson of (D above equake

ﬁ“(ltl/’n"}”f of 2 fr’ém b 2th ,rmfé.s"g

-




O

Qu €§_h—on 5

§V T(x)}i(,)fx x)&;

_--_..i V‘ = k \ W\ N gﬁgv%gh-v SR M“mwm e “ - e e i et

5360

I
m:g“am ,.m \/4-,» Ay /

2D~

e‘(’— H*— 2sinf % Zwsﬁ‘ o dy,?,ws{y‘d'@'

RS Aqrf A-GabF (ZearPdl)

WL\ML =0 } =0 when \j"g = 121.:

%”I(zws O AF= gfrgf%ﬁl 5{# -

= & %‘(cos 2+ !) 44-> S’rtim %“*{7 %‘




LIEE=10° (C in asemicinde)

) L AeF = LFDC Inwrce l:ﬂp( u'.ot C oll/cﬁ;j

o rimo(r/la,#cm Sinte +the xlerna I
_ L = If\“‘f/ﬁ/\ﬁ/{ ) 05/-}{ L o \/
._-,,L,Y)ED':C LAEF fbu:' (exmnafz = omoulr kel /_)“

BcF f\/ R
. Ago LAGF-LAEIPCZS in Ythe came. J‘fj""‘e"f’()\/
i o /L BF=LAFE gl (BFC ) s _cyelic
Sihce %f— eXVior L = ijntYerjor p/ﬂ‘o/!l@é’
I @_,)“Y 0) Xty =a*
DN \ Nbu,m m"l' % = \gﬂ -M
B Qarea (9F L@@O
=1 (‘[[L )
_L% )

o Wcﬂ of Lnpo= Ou’m MLMVO —t'ar(,a of "’fcﬂm@d’

M‘@f"’

._0_) vl + (302 (z __s.nw))\/

-01(1':\ Zbr lv""’ 01(29"\”“9’3 ZSln(fm"—h)‘/




O

0 0=10, 4 =inl) @

lnf n/f#*b__s int @

“L O /——emdz@—mﬁo /Mri'__u

Sin=" (_b_] v bt _ J,P(: ‘/

H 4+ sdy =

o
\

O ¥ cind Lot =1 |,

T T T

&
= "I
2
:E-: AV {67:4;/”
2/

"nn) we New borS mm.ﬂ:{ 15

R g{/d YroX/ mate 1T L,

( 0"?}4@ Vi WJVﬂLmeﬂ vve ) v




»
. (QME,SHO./JQ

= J_Z.X g 4— (lAA@ﬂ(’ﬂ/C’Nd 0!1(

o v TO,9)
Y fCﬂ}: ou_f ed.







-L)'Zo - | -

B Qr—Tabtbr Y Y
_ At dab od ruivel

.__m,() _1,4,_15_‘,_3,,: ab xbe +ac o

olvc

=(@bthre tac)(arbye) \l/

AV < . ~
"/of‘"o +a? ke fab(+bC‘WC an

4‘4 ¢ +abc + ac® /M

N g

| Céaloc bl O\(V’*"c")fﬂa(a”ﬂ"’))l:

T C(bmy g,

2 Rabc ta [%6> + lp( 2a C)_* _
o —\~c( m,g,,, S M\m/_

2 %'oo
. abg

- S
a + b-} —15 /720 R .




Q_btﬂon ] i

€k ~ty = cth—c

()b R 39?\/@ T3x__7‘-u -‘:\,f AN,

- ard

.S l/hﬂ HW eomt/h

Lj;;w‘ é-xt?&lmz(f4 N2

%({' —’F) :C/f— (7"2‘)"’6) -

= (8 -—/)(f ES R

T —
_A_MA_Q(G”'.H\ o\ ffgw“'l‘ _




pd&@ilgijild%” _ fudv

—

6)(,7:‘”) n _/

) e e o _,..h e e e e et e et et s
where  a= @ ) | N =%

du = -‘-ngéxvyi) k\ v _ |
an ~ ) ]

2(n—t) tn =

6(’L+Dh—l

N e T &S

s el




) RS (eren, (]

G o, 2 f’(szi_;o)
el

_____________ _:/c.,(f q. ,___wZ,c‘)g (,((6 H))AA
ff"';( ) -—-z\ e _;_. (e z_>ﬁ_'._m .
L - et (@ )T @ :7) o

e £3) -

R L,

‘\2,\'&/1_4 , n\ 4

v

@f )= 2 e 4,( e

(@ b)) = Z,tf\ + Cuf-zfomM

JPR=QR __and NAVRR s (523 celen



D )




_(ﬂl) ) M %___ - B\/”___________. o )
dt M ] o
o N B Vo ]

BRI e L3 P—

N VA ow_,___ ’-—{AH:Q Vs -
I vV ) |
) M__AQW e (A+BWL
[ _ _ Vv 3
AtBYY




20

PEES

(ZK\/ PV

[

28 Jy A+ gv>

t

-4 T (A \/7')_7_9

(ﬁw ({ Pv) —-———/8 h(%}

_ﬁa u2)] I/

J v

ER
TR

""’i

Q‘} H3UY

7

-—
—

W‘fm( AT B L)"'M,W(l*

éij

f&?‘wf'c/

)

M=

\'_ b

/

017 ’L"”VWJ 37 /00 900 kq M

Bv

U0 .
125v s [ =125
A= 75000 r\/ |

b= D ¥ Do
“'"*'*z ) (3 Qw@&) T “"““ﬁm( 4 %U \/
T la0on (32) r 02020 01 1)
= 80040 () ¥ 400 00 (T)
N =104 m ( ésgﬁj)l}




(l) x | _- 2 f E3 I V\f‘

YIn Smlll-f\éma';ﬁ \Sindi IMMEJZ o h%m
N 7n > 2

T ML” | n? 0

/DWCM wf ﬂbr%ha/d < /ch Mn/&/’ can«»,

NSin /*n'} FN3A (}I\., n;a -’\/g'}hﬁr__hﬁlﬁ _nlehvr_ <,

h(’Sl”:jI G _I S 311-'+ .,.5,,,,@3 D

) 3 IrJL-{' S{h ?-Tf: + SM}.I-)-__'i’f"\ ) -
- ) m fcﬁmrca{
) \) fro ”\@ 2 sinCV f)“ 2" F
o = .
I | . l
) 2 n < sin[l0) dn* _ 4TN ,
o é o) T T T &/







